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Abstract For a simple graph G, the energy E(G) is defined as the sum of
the absolute values of all eigenvalues of its adjacency matrix. Let G, be the
class of connected bipartite graphs of order n with exactly two vertex-disjoint
cycles. In the paper [F. Wei, Ordering bipartite graphs by their minimal energies,
2008 International Symposium on Information Science and Engineering (ISISE2008),
Dec. 20-22, 2008, 471-474], the author showed an order of minimal energies in G,,.
Unfortunately, the energy order of the two graphs in G, with the second and third
minimal energies is not determined. This short note provides a complete proof for
this unsolved problem.
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1 Introduction

In this paper we are concerned with simple graphs. Let G be such a graph with order n.

Let A1, A2, ..., A, be the eigenvalues of a graph G. Then the energy of the graph G is
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defined as .
E(G)=Y |\l (L.1)
i=1

So far, the theory of graph energy is well developed; its details can be found in the book
[6] and the latest results in [3, 4, 5, 7]. An important tool of graph energy is the Coulson
integral formula

L1 s DY (G i ai\
E(G)= %/,M =In K ,;) (—1Dagx ) + ( ,;) (—1D)agiy1x ) ] dv, (1.2
where ay,a,, ..., a, are the coefficients of the characteristic polynomial ¢(G;x) of G.

According to (1.2), we can define the quasi-order on the energies of graphs as in [6], to
be < (or ). That is, G| < G2 = E(G) < E(G2).

For convenience, we now introduce some terminology and notations which will be used
in the sequel. Let G, be the class of connected bipartite graphs of order n with exactly two
vertex-disjoint cycles. Let U! be the graph obtained by attaching n — [ pendent vertices to
a vertex of the cycle C;. Let Bf}l”l,z,z be the graph obtained by adding an edge between the
vertex of maximal degree in U,i‘l and the vertex of maximal degree in U,lé LetGy,...,G7be
the graphs on n vertices as depicted in Figure 1. For terminology and notations not defined
here, we refer to the book [1].

n—9 n—9 n—9 n—9
4.4
Bs;n—S Gy Gy G3
n—9 n—9 n—10 n—10
Gy Gs Gg Gy

Figure 1. The graphs Bg:ifs and G;,i=1,2,...,7.
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Recently, Wei [9] obtained the following result.

Theorem 1.1 Ifn > 11, then

4.4 4.4
E(B}%_,) < E(BY!_S) or E(G1)
4.4

< E(Gy) <E(Gs3) < E(Gs) <E(Bgr ) <E(ByS_,).
Moreover, E(G4) < E(G;) (i=15,6,7).

In Theorem 1.1, we know that the energy order of the two graphs Bés‘jért—s and G (see

Figure 1) is not determined. In other words, whichever of Bg’i_s and G, that has the second
minimal energy is not determined in G,,.
Furthermore, the author [9] proposed the following remark.

Remark For n > 11, neither B;":fs < G nor Bgfifs = G and therefore E (ngzfs) and
E(G)) cannot be compared by quasi-order.

In this paper, we settle the above unsolved problem.

2 Second minimal energy

In order to show the main result, we first introduce the following elementary result by direct
calculation.
Lemma 2.1
A(G1N) = N — (n+ DN 2+ (Tn—36)X"* — (12n — 94)\"~©,
S(Ben_siA) = X' — (n+ X2+ (Tn = 37)A"* — (120 — 96) A"~
+(4n —36)\" 8.
We now exhibit our main result as follows.

Theorem 2.2 G; and B;Lifs have the second and the third minimal energies in G, for
n > 11, respectively.

Proof. In order to obtain the assertion, it is sufficient to show E (B;Ljfs) > E(G)). By

means of Lemma 2.1, we have
P(Grx) =x"— (n+ 1)x" 2+ (Tn—36)x"~* — (12n— 94)x" ¢
=" 008 — (n+ Dx* + (Tn—36)x* — (12n— 94))

£ X170 f (x),
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(BE x) =x"— (n+ 1)x" 2+ (Tn—37)x"* — (12n — 96)x" 6

5n—5°%
+(4n—36)x"8
=" 8 — (n+ Db+ (Tn—37)x* — (12n—96)x%
+(4n—36))
£ X8 ().
Note that
fi(l) = —-6n+58 <0 (n>9),
f1(1.8) = 0.1824n+0.874624 > 0 (n>0),
fi2)=-2<0 (n>0),
filvn=5)=n>—23n+124>0 (n>14),
and
/2(0.6) = 0.540544n — 6.26505984 > 0 (n>11),
f2(1.3) = —1.114109n 4 23.8947982 < 0 (n>21),
£(2)=4n-52>0 (n>13),
H(Vn—6)=—Tn>+112n—432 < 0 (n>9),
fr(y/n) = 6n3 —49n> +100n —36 > 0 (n>5)
By the theorem of zero points, we acquire
2(1.8+2++vn—5) > E(Gy) forn > 14, 2.1)
and
2006+ 1.34+2+vVn—6) <EBLY ) forn>21. (2.2)

We have 2(1.84+2++vn—5) <2(0.6+1.34+2++/n—6) for n > 31. Hence by (2.1) and
(2.2), we have E(G)) < E(Bg:ifﬁ for n > 31. By direct calculation (see Table 1), we have

E(Gy) < E(BY,_s) for 11 < n < 30.
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n | E(BY, ) —E(G1) | n [ E(BS, 5)—E(G)
11 0.71431 12 0.77021
13 0.80429 14 0.82750
15 0.84440 16 0.85732
17 0.86755 18 0.87584
19 0.88277 20 0.88853
21 0.89351 22 0.89780
23 0.90158 24 0.90490
25 0.90785 26 0.91050
27 0.91289 28 0.91505
29 0.91701 30 0.91881

Table 1. The difference between E (Bg’i_s) and E(G)).

Therefore we complete the proof. ]
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